This article is a summary of the author's unpublished Ph.D thesis ([3]). Its purpose is to generalise a construction by H. Cassens and P. Slodowy of the semiuniversal deformations of the simple singularities of type Ar, Dr, E6, E7 and E8 to the inhomogeneous simple singularities of type Br, Cr, F4 and G2. To a simple homogeneous singularity, one can associate the representation space of a particular quiver. This space is endowed with an action of the symmetry group of the Dynkin diagram associated to the simple singularity. From this we will construct and compute explicitly the semiuniversal deformations of the inhomogeneous simple singularities. By quotienting such maps, we obtain deformations of other simple singularities. In some cases, the discriminants of these last deformations will be computed.
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Introduction
In [14] , F. Klein studied polynomial equations of degree 5. For this he looked at the rotation groups of the five Platonic solids and at the finite subgroups of SL 2 (C), which are (up to conjugacy) the cyclic group C n , the binary dihedral group D n and the binary polyhedral groups T , O and I. They are exactly the finite subgroups of SU 2 . He then proved that for such a group Γ, the quotient C 2 Γ is a surface in C 3 defined by a polynomial equation (cf. Table 2 ). The surface has an isolated singularity and is called a simple singularity. Later P. Du Val exhibited a link between the simple singularities and the simple Lie algebras of type ∆(Γ) = A r , D r , E 6 , E 7 or E 8 (cf. Table 3 ) using minimal resolutions.
In [18] J. McKay discovered a connection between the finite subgroups of SU 2 and the simply laced Lie algebras which does not involve resolutions. He exhibited a way of constructing the Cartan matrix of the extended Dynkin diagram∆(Γ) from the irreducible representations of Γ. From this correspondence, one can construct the representation space M (Γ) of a quiver obtained from ∆(Γ) and called a McKay quiver. It happens that M (Γ) can be endowed with a symplectic structure. P.B. Kronheimer took advantage of such a structure and constructed in [15] the semiuniversal deformation of C 2 Γ using hyperkähler reduction. Later on, H. Cassens and P. Slodowy worked on P.B. Kronheimer's results to obtain the semiuniversal deformation of C 2 Γ and its minimal resolution in an algebraic-geometric context (cf. [5] ).
Dynkin diagrams can be separated in two classes: the simply laced (or homogeneous) ones, namely A r (r ≥ 1), D r (r ≥ 4), E 6 , E 7 and E 8 , and the non-simply laced (or inhomogeneous) ones B r (r ≥ 2), C r (r ≥ 3), F 4 and G 2 . In 1978, P. Slodowy extended the definition of simple singularities to the inhomogeneous types in the following way: a simple singularity of type B r , C r , F 4 or G 2 is a pair (X 0 , Ω) where X 0 is a simple singularity of type A r , D r , E 6 , E 7 or E 8 , and Ω is a group of automorphisms of the Dynkin diagram associated to X 0 (cf. Table 6 ). Let Γ be a cyclic group of even order, a binary dihedral group or a binary tetrahedral group, and set X 0 = C 2 Γ. It is then possible to find a finite subgroup Γ ′ of SU 2 such that Γ is normal in Γ ′ and Ω = Γ ′ Γ acts on X 0 . This action can be lifted to the minimal resolution of the singularity, and this lifting induces an action on the exceptional divisors that corresponds to a group of automorphisms of the Dynkin diagram associated to X 0 . Using this definition, P. Slodowy generalised the McKay correspondence to the inhomogeneous types.
The aim of this article is to generalise the construction by H. Cassens and P. Slodowy to the inhomogeneous cases, and obtain the semiuniversal deformations of the simple singularities of type B r , C r , F 4 and G 2 . More precisely, we prove and then apply the following result:
Theorem IV.1. The restriction over the Ω-fixed points of the semiuniversal deformation of the simple singularity C 2 Γ obtained from the McKay quiver is a semiuniversal deformation of the inhomogeneous simple singularity of type ∆(Γ, Γ ′ ).
In order to do so, we study the representation space M (Γ) of a McKay quiver defined by using the Dynkin diagram associated to the simple singularity C 2 Γ. This quiver comes with a symmetry group Ω based on the inhomogeneous McKay correspondence. The action of the group Ω on M (Γ) is obtained by lifting its action on the underlying graph. The choice of the orientation of the quiver, which did not play any particular role in the homogeneous case, has now to be carefully made. Indeed, the symplectic structure with which is provided the representation space of the McKay quiver depends on the orientation of the quiver. This symplectic structure induces a moment map from which the semiuniversal deformation is obtained. The following lemma implies that, if the action of Ω is symplectic, then the semiuniversal deformation becomes Ω-equivariant.
Lemma IV.1. Let µ ∶ M → g * be a moment map on a symplectic manifold (M, ω) with an action of a semisimple Lie group G. Assume that a group Ω acts on M by symplectomorphisms, and that Ω is a subgroup of the outer automorphism group of G. Furthermore, assume that the action of G lifts to an action of G ⋊ Ω. Then µ is Ω-equivariant.
We will need to determine the conditions in which the action is symplectic, as well as their compatibility with the action of Ω on the special fibre of the deformation. These requirements on the action of Ω are provided in these theorems:
Theorem IV.2. The action of Ω = Γ ′ Γ on M (Γ) is symplectic and induces the natural action on the simple singularity when:
• for (A 2r−1 , Z 2Z), the group Ω reverses the orientation of the McKay quiver.
• for the other cases, the group Ω preserves the orientation of the McKay quiver.
Theorem IV.3. For any McKay quiver built on a Dynkin diagram of type A 2r−1 , D r+1 or E 6 , there exists an action of Ω = Γ ′ Γ on M (Γ) that is symplectic and induces the natural action on the simple singularity
We endow the representation space M (Γ) with the action of Ω satisfying both Theorems IV.2 and IV.3. This makes the semiuniversal deformation of C 2 Γ an Ω-equivariant morphism, and we can apply Theorem IV.1. We obtain the semiuniversal deformation of the simple singularity of type ∆(Γ, Γ ′ ). This semiuniversal deformation is such that the group Ω induces an action on each of its fibres. By taking quotients of the fibres, we obtain a new deformation, but this time of the simple homogeneous singularity C 2 Γ ′ . Furthermore, the semiuniversal nature of the deformation is lost in the process. Results regarding the regularity of the fibres of the new deformation will also be proved with these next propositions.
Proposition VI.1. Every fibre of the quotient of the semiuniversal deformation of a simple singularity of type B 2 by the action of Ω is singular.
Proposition VI.2. Every fibre of the quotient of the semiuniversal deformation of a simple singularity of type C 3 by the action of Ω is singular.
Proposition VI.3. Every fibre of the quotient of the semiuniversal deformation of a simple singularity of type G 2 by the action of Ω is singular.
The first part (I) of this article is devoted to the definitions of the folding of Dynkin diagrams, as well as of the simple homogeneous and inhomogeneous singularities. In the second part (II) we recall results of T. Tanisaki regarding foldings of root systems and see how foldings, simple singularities and quiver representations are linked to each other. The third part (III) presents the construction due to H. Cassens and P. Slodowy. In the fourth part (IV), we study how to generalise the previously mentioned construction to the inhomogeneous types, and then realise computations in the fifth part (V). The sixth part (VI) is devoted to the description of the quotients of the semiuniversal deformations of the inhomogeneous simple singularities.
All throughout this article, the base field will be the complex number field C.
I. Simple singularities and Dynkin diagrams
I.1. Foldings: definition and computations
Let g be a finite dimensional simple Lie algebra and x ∈ g. If ad x is nilpotent, then exp(ad x) is a welldefined automorphism of g. Any automorphism of g that can be written in such a form is called inner, and the group generated by inner automorphisms is denoted by Inn(g). It is a connected and normal subgroup of Aut(g), the group of automorphisms of g. An outer automorphism is an element of Out(g) = Aut(g) Inn(g). This group turns out to be isomorphic to the automorphism group of the Dynkin diagram of g. One can verify that the irreducible Dynkin diagrams that have a non-trivial outer automorphism group are those of type A r (r ≥ 2), D r (r ≥ 3) and E 6 . Let σ be an automorphism of one of these Dynkin diagrams. Then σ induces an automorphismσ of the corresponding Lie algebra. By definition of σ, the morphismσ has finite order, say r ∈ Z ≥0 . It follows thatσ induces a gradation on g such that g = ⊕ i∈Z rZ g i with g i = {x ∈ g σ(x) = ω i x} and ω a primitive r th root of unity. The folding of g consists in computing the invariants of the automorphisṁ σ. One can also realise the folding of the root lattice of g, i.e. finding the type of the invariant sub-lattice Q(g) σ of the root lattice Q(g) of g.
In the table below are results of different foldings carried out on the simple Lie algebras whose outer automorphism group is not trivial. One notices that, in all five cases, the types of g 0 and Q(g) σ are dual to each other. This is due to the fact that the short roots and the long roots are switched when one goes from the Lie algebra to the root lattice, and vice-versa.
I.2. Simple singularities of type A r , D r and E r I.2.1. Definition of simple singularities F. Klein studied the finite subgroups of SL 2 (C) in terms of transformations of C 2 and classified them in [14] . They are exactly the finite subgroup of SU 2 . Up to conjugacy, they are isomorphic to the cyclic group C n , the binary dihedral group D n or one of the binary polyhedral groups T , O and I. If Γ is a finite subgroup of SU 2 , its natural action on C 2 induces an action of Γ on the ring C[C 2 ] of complex polynomial functions on C 2 . F. Klein computed the ring C[C 2 ] Γ of Γ-invariant polynomials and noticed that it is generated by three elements satisfying a unique relation.
Theorem I.1. (Klein [14] ). Let Γ be a finite subgroup of SU 2 . Then C 2 Γ injects into C 3 as the zeros of a polynomial R ∈ C[X, Y, Z], which is given in the following table: According to the above theorem, the quotient C 2 Γ can be seen as a hypersurface in C 3 . Furthermore, it has a unique singularity at the origin. The surface C 2 Γ is called a simple singularity.
Remark I.1. In [8] , A.H. Durfee gave many different names for this type of singularities including rational double points, quotient singularities or absolutely isolated double points among others. In this article, the chosen denomination will be simple singularities.
Singularities are usually defined as germs of analytic spaces. However, using Artin's algebraisation theorem (cf. [10] Theorem 4.2.4), simple singularities can be seen as algebraic varieties and one can work with the algebraic settings given by the polynomial equations of the previous theorem. Furthermore, the following proposition (cf. [16] ) tells us that one can work globally using the polynomial equations of Theorem I.1:
Proposition I.1. Let 3 O denote the germs of holomorphic functions (C 3 , 0) → C and let f ∈ 3 O be a germ without multiple factors. If Z(f ) = {x ∈ C 3 f (x) = 0} is isomorphic to the simple singularity C 2 Γ defined from a finite subgroup Γ of SU 2 , then there is a biholomorphic germ ϕ ∶ (C 3 , 0) ≅ (C 3 , 0) such that R = f ○ ϕ is the polynomial associated to Γ by Theorem I.1.
Set p ∈ Z >0 and choose T 1 , . . . , T p among A r (r ≥ 1), D r (r ≥ 4), E 6 , E 7 and E 8 . A singular configuration of type T 1 + . . . + T p is a complex algebraic surface with p isolated singularities s 1 , . . . , s p such that, for each 1 ≤ i ≤ p, locally around s i the surface is a simple singularity of type T i .
is a simple singularity of type D 4 . Besides the special fibre, the singular fibres of f are of two types: f −1 (0, t) and f −1 ( 4 27 t 3 , t) for t ≠ 0. The former has a single singularity of type A 1 at the origin, whereas the latter has three singular points, namely (
, 0), each of type
is a simple singularity of type A 1 and f −1 (
is a singular configuration of type
Below is an illustration in the real plane {z = 0} of both fibres for t = 1:
I.2.2. Resolutions of simple singularities
Let X = C 2 Γ be a simple singularity. P. Du Val proved in [7] that if x is the singular point and π ∶X → X is the minimal resolution of X, then the preimage of x is a union of projective lines whose intersection matrix is the opposite of a Cartan matrix of type ∆(Γ), according to the following list: 
I.2.3. Semiuniversal deformation
A deformation of a complex integral algebraic variety X 0 with an isolated singularity x is a flat morphism of germs of algebraic varieties ϕ ∶ (X, x) → (U, u) such that there exits an isomorphism i ∶ (X 0 , x)
is isomorphic to a deformation induced from ϕ by a base change ψ ∶ (T, t) → (U, u) whose differential at t ∈ T is uniquely determined. It follows that semiuniversal deformations are unique up to isomorphism.
The next theorem gives a way of computing the semiuniversal deformation of any simple singularity. Theorem I.2. (Kas-Schlessinger [12] ). Let X 0 be a simple singularity defined in C 3 by the polynomial equation f (X, Y, Z) = 0, with the origin being the singular point. Because the singularity is isolated, the vector space
1≤i≤k be a base of V . Then the semiuniversal deformation of the simple singularity X 0 is given by the map
Simple singularities have been extensively studied using Lie algebras. For example, E. Brieskorn proved the following theorem: Theorem I.3. (Brieskorn [2] ). Let g be a simple Lie algebra of type A r , D r or E r , and G be the corresponding simple Lie group. Set h a Cartan subalgebra of g and W its associated Weyl group. Set e ∈ g a subregular nilpotent element. Let S e ⊂ g be a transversal slice (notion defined below) at e to the G-orbit of e in g. Then the restriction χ Se ∶ (S, e) → (h W, 0) of the adjoint quotient χ ∶ g → h W is a semiuniversal deformation of the simple singularity (χ Se −1 (0), e), which is of the same type as g.
A transversal slice S e at e to the G-orbit of e is a locally closed subvariety S e ⊂ g containing e and such that the morphism
is smooth and dim S e = codim G.e. In our context, as e is nilpotent, a transversal slice is easily obtained by setting S e = e + z g (f ), with f ∈ g being part of the sl 2 -triple (e, f, h) obtained by the Jacobson-Morozov theorem. The slice S e is called the Slodowy slice at e.
We conclude this section with the following proposition, whose proof can be found in [25] : Proposition I.2. (Slodowy [25] ). Let χ ∶ X → U be a deformation of a simple singularity X 0 with associated Dynkin diagram ∆. Let X ≠ X 0 be a non-special fibre of χ. Then there is a proper subdiagram ∆ ′ ⊂ ∆ and a type-preserving bijection of the components of ∆ ′ onto the singular points of X . This means that each connected component of ∆ ′ is sent to a singular point of X , which is a simple singularity of the corresponding type. Furthermore, if χ is semiuniversal, then all subdiagrams of ∆ are realised as singular configurations in non-special fibres.
I.3. Simple singularities of type B r , C r , F 4 and G 2
Simple singularities have been defined and linked to the simply laced Lie algebras. However there exist simple Lie algebras of another kind, namely the Lie algebras of inhomogeneous (or non-simply laced) type B r (r ≥ 2), C r (r ≥ 3), F 4 and G 2 . P. Slodowy gave a definition of simple singularities of inhomogeneous type which requires some preparation.
I.3.1. Group action on a simple singularity
Let Γ ⊂ Γ ′ be finite subgroups of SU 2 . We would like Γ ′ to act on the simple singularity
It is thus natural to require for Γ to be normal in Γ ′ .
We are looking for Γ ′ in SU 2 such that Γ is normal in Γ ′ and Γ ′ acts on C 2 Γ. The action of Γ ′ can be lifted through the minimal resolution of C 2 Γ. As the minimal resolution restricts to an isomorphism on a dense open subset and Γ acts trivially on C 2 Γ, it follows that Γ acts trivially on the minimal resolution. So the action of Γ ′ on the whole minimal resolution factors through an action of Γ ′ Γ. As the origin is a fixed point of Γ ′ in C 2 Γ, the quotient Γ ′ Γ acts on the exceptional locus, which is composed of a union of projective lines whose intersection pattern corresponds to the Dynkin diagram type ∆(Γ). Therefore we want the exceptional locus to be acted upon by Γ ′ Γ in the same way the Dynkin diagram of type ∆(Γ) is acted upon by its symmetry group Ω. This can be achieved by requiring Γ ′ Γ to be isomorphic to Ω and Γ to be normal in Γ ′ .
In the following table are all normal subgroups Γ of the finite subgroups Γ ′ of SU 2 (cf. [6] ). In the rest of this section, (z 1 , z 2 ) will denote the dual of the canonical base of C 2 (cf. Theorem I.1). We list here the different possibilities of groups Γ ′ verifying our criteria.
• Type A 2r−1 : Γ = C 2r and Ω = Z 2Z. Based on the previous table, the possibilities are
The singularity C 2 Γ is given by
-D r is generated by g 2 and h = ⎛ ⎝
In order to determine which group is the appropriate one, it is necessary to extend the action of Γ ′ to the minimal resolution of C 2 Γ, and check that Γ ′ permutes the components of the exceptional locus the same way Ω acts on the Dynkin diagram. This can only be achieved if Γ ′ = D r .
• Type A 2r : Γ = C 2r+1 and Ω = Z 2Z. Based on the table, the only possibility is Γ ′ = C 4r+2 . The singularity
As C 4r+2 is generated by g = ⎛ ⎝
), it follows that g.X = X, g.Y = −Y and g.Z = −Z.
However, by computing the minimal resolution of the simple singularity, one can check that the lift of the action of Γ ′ to the minimal resolution of C 2 Γ does not permute the components of the exceptional locus the same way Ω acts on the Dynkin diagram. Hence there is no Γ ′ verifying our criteria.
• Type D r+1 : Γ = D r−1 and Ω = Z 2Z. The only possibility is Γ ′ = D 2(r−1) . The singularity C 2 Γ is defined by
), it follows that
• Type E 6 : Γ = T and Ω = Z 2Z. According to the previous table, the only possibility is Γ ′ = O. The singularity C 2 Γ is given by
The group O is generated by T and g = ⎛ ⎝
). It is known that T fixes C 2 Γ, and one
• Type
The results obtained are summarised in the following table: The "Inhomogeneous" column corresponds to the foldings of the root lattices whose types compose the first column. They were computed in Section I.1. We add that if we chose Ω to be Z 3Z in the case Γ = D 2 , it can be proved that Γ ′ = T .
I.3.2. Definitions of inhomogeneous simple singularities and their deformations
The definition of the inhomogeneous simple singularities was first given by P. Slodowy in [25] .
Definition I.1. A simple singularity of type B r (r ≥ 2), C r (r ≥ 3), F 4 or G 2 is a pair (X 0 , Ω) of a simple singularity X 0 (in the former sense) and a group Ω of automorphisms of X 0 according to the following list: Table 6 -Definition of the simple inhomogeneous singularities A simple singularity of inhomogeneous type is thus a simple homogeneous singularity endowed with the symmetry of the associated Dynkin diagram. One notices from the Section I.1 that the type of (X 0 , Ω) is the same as the type of the folding of the root lattice of the same type as X 0 by the action of Ω. Remark I.3. The case where X 0 is of type A 2r does not appear in the preceding table because, although the Dynkin diagram of type A 2r has a non-trivial symmetry group, it was seen in Subsection I.3.1 that the action of this symmetry group fails to lift correctly to the exceptional locus of the minimal resolution of X 0 .
The notion of symmetry has been added to simple singularities, therefore it is necessary to include it in the definition of deformations of simple singularities of type B r , C r , F 4 and G 2 as well. P. Slodowy gave the following definition:
with Ω-actions such that:
• the action of Ω on U is trivial,
• the action of Ω on X induces the given one on X 0 ,
• the morphism χ is Ω-invariant.
The semiuniversal deformation of (X 0 , Ω) is defined in an analogous way from the definition in Subsection I.2.3.
In [25] , P. Slodowy constructed the semiuniversal deformation of (X 0 , Ω) where X 0 is a hypersurface with an isolated singularity and Ω a reductive group. More precisely, he showed the existence of a semiuniversal deformation χ ∶ X → U of X 0 in the original sense with the following additional property: there are Ω-actions on X and U such that χ is Ω-equivariant and the restriction of Ω on X 0 is the given one. Furthermore, if Y → T is any Ω-equivariant deformation of X 0 , it can be induced from χ by an Ω-equivariant morphism. From here, a semiuniversal deformation χ Ω of (X 0 , Ω) is obtained through the following diagram:
by inducing a deformation from χ using the base change U Ω → U , where U Ω is the fixed point set of Ω in U .
I.3.3. Inhomogeneous simple singularities from Lie algebras of type B r , C r , F 4 and G 2
Let g be a simple Lie algebra with adjoint group G, and let e ∈ g be a nilpotent element. The JacobsonMorozov theorem states that there exist f, h ∈ g such that (e, f, h) is an sl 2 -triple. In [25] Section 7.5, the reductive centraliser of e with respect to h is defined as C(e) = Z G (e) ⋂ Z G (h). The proof of the next proposition can be found in [25] .
Proposition I.3. If e ∈ g is regular nilpotent, then C(e) = {1} and in particular Z G (e) is connected. If e is subregular nilpotent then, according to type, we have Table 7 -Reductive centralisers of subregular nilpotent elements
In Subsection I.2.3, we stated a theorem due to E. Brieskorn (Theorem I.3) which gives the semiuniversal deformation of a simple singularity of type A r , D r or E r from the adjoint quotient of a simple Lie algebra of the same type. This theorem can be extended to the inhomogeneous case (cf. [25] for the proof):
Theorem I.4. (Slodowy) . Let g be a simple Lie algebra of type B r , C r , F 4 or G 2 and e a subregular nilpotent element of g. Then there exist a finite subgroup Ξ of the reductive centraliser C(e) of e, and a Ξ-stable transversal slice S e at e to the G-orbit of e such that the (Ξ-invariant) restriction of the adjoint quotient map χ ∶ g → h W to S e realises a semiuniversal deformation of a simple singularity of the same type as g.
As a special case, the theorem states that the intersection X 0 = S ⋂ N (g) of S e with the nilpotent variety of g, endowed with the induced action of Ξ, is a simple singularity (X 0 , Ξ) of the same inhomogeneous type as g.
It was mentioned in Proposition I.2 that for a simple singularity whose Dynkin diagram ∆ is homogeneous, singular configurations whose types correspond to subdiagrams of ∆ can be found in the fibres of the semiuniversal deformation near the singular point. There is a similar result for inhomogeneous singularities.
If ∆ is an inhomogeneous Dynkin diagram, it was shown in Section I.1 that it can be obtained as a quotient of a simply laced Dynkin diagram ∆ unfold by the action of a group Ξ of diagram isometries. The preimages by this quotient map in ∆ unfold of subdiagrams of ∆ are the Ξ-stable subdiagrams of ∆ unfold . The next corollary is also proved in [25] .
Corollary I.1. Let χ ∶ X → U be a deformation of a simple singularity (X 0 , Ξ) of inhomogeneous type ∆, and let X ≠ X 0 be a non-special fibre. Then there is a Ξ-stable subdiagram ∆ ′ unfold of ∆ unfold and a Ξ-equivariant type-preserving bijection of the connected components of ∆ ′ unfold onto the singular points of X . Let h be a Cartan subalgebra of a simple Lie algebra of inhomogeneous type ∆, and let W be the associated Weyl group. Let χ Se ∶ S e → h W be the semiuniversal deformation obtained in Theorem I.4. Let h unfold be a Cartan subalgebra of a Lie algebra of type ∆ unfold and denote by Ξ the group of isometries corresponding to the folding ∆ unfold → ∆. We have the following diagram:
where p is the projection on the Ξ-invariant part of h unfold . It is natural to wonder if, given h ∈ h unfold , it is possible to anticipate the singular configuration of the fiber χ Se −1 (π(p(h))).
Set h ∈ ⋂ α∈Φ Ker(α) ⊂ h unfold with Φ a Ξ-stable sub-root system of the root system of type ∆ unfold , and assume Φ to be maximal. Then it follows that p(h) is also in ⋂ α∈Φ Ker(α), so if p(h) is seen as an element of h, it is in ⋂ β∈Fold(Φ) Ker(β) where Fold(Φ) is the sub-root system of the root system of type ∆ obtained by folding Φ. Hence the root system associated to the singular configuration of the fiber of χ Se above π(p(h)) will contain the root system Fold(Φ). However, as the example below suggests, it is possible that Fold(Φ) is not maximal for p(h), and so the root system associated to h is strictly contained in the root system associated to the singular configuration of the fiber of χ Se above π(p(h)).
Example I.2. Let h unfold be a Cartan subalgebra of a simple Lie algebra of type ∆ unfold = A 5 . Let (e 1 , . . . , e 6 ) be an orthonormal basis of a vector space of dimension 6 such that h unfold = {h = (h 1 , . . . , h 6 ) ∑ 6 i=1 h i = 0}, and define ( 1 , . . . , 6 ) its dual basis. Following [1] , the simple roots of A 5 are
Because Ξ = Z 2Z =< σ >, we take the map p to be the averaging over
Set h = (1, 2, −3, −3, 2, 1). Then the positive roots of A 5 that are canceled by h are α 3 , α 2 + α 3 + α 4 and
Using the negative roots, we obtain h ∈ ⋂ α∈Φ Ker(α) where Φ is a Ξ-stable sub-root system of type A 1 + A 1 + A 1 and Φ is maximal. But as the projection of h on (h unfold ) Ξ is zero, it follows that the singular configuration of the fiber χ Se
Therefore the root system associated to h is only contained in the root system associated to the singular configuration of the fiber of χ Se above π(p(h)).
I.3.4. Inhomogeneous simple singularities from Lie algebras of type A r , D r and E 6
Like in the previous section, let ∆ be a Dynkin diagram of type A 2r−1 , D r or E 6 and g a simple Lie algebra of type ∆ with adjoint simple group G. Let e ∈ g be a subregular nilpotent element of g and (e, f, h) an sl 2 -triple of g. Define S e = e + z g (f ) a Slodowy slice at e and set δ the restriction to S e of the adjoint quotient map of g. One can show that the automorphism group Aut(∆) of the Dynkin diagram acts on S e as well as on h W , and makes δ equivariant. As a result, there is an action of Aut(∆) on the special fibre X = δ −1 (0).
Let ∆ 0 be the unique inhomogeneous Dynkin diagram such that h ∆ 0 = ∆ and AS(∆ 0 ) = Aut(∆), with AS(∆ 0 ) being the associated symmetry group of ∆ 0 defined by
The following two theorems are proved in Section 8.8 of [25] :
) is a simple singularity of type ∆ 0 .
Let G 0 denote the simple adjoint group of type ∆ 0 with Lie algebra g 0 . Let (e 0 , f 0 , h 0 ) be an sl 2 -triple with e 0 a subregular nilpotent element of g 0 , and define S 0 = e 0 + z g0 (f 0 ). Let δ 0 ∶ S 0 → h 0 W 0 denote the restriction to S 0 of the adjoint quotient map of g 0 . Remark I.4. The above theorem allows an identification of h 0 W 0 with (h W ) AS(∆0) . However, another identification is possible. The group AS(∆ 0 ) acts on the Dynkin diagram ∆ and its action can be naturally extended to h. Set h 1 = h AS(∆0) and W 1 = {w ∈ W wγ = γw, ∀γ ∈ AS(∆ 0 )}. Then the natural map
AS(∆0) . The G m -weights of this morphism are the same on h 1 W 1 as they are on (h W ) AS(∆0) , and they are strictly positive. Using [25] Section 8.1, Lemma 3, one finds that it is an isomorphism.
II. Foldings of root systems and quivers
In this section, we present a construction by T. Tanisaki of some kind of folding of the representation space of a quiver whose underlying graph is a simply laced Dynkin diagram. Subsequently, observations on the different types of folding will be given.
II.1. Foldings and quivers representations
A theorem due to P. Gabriel states if a connected quiver is of finite type, then its graph is a simply laced Dynkin diagram of type ∆, and there is a bijection from the set of isomorphism classes of indecomposable representations of the quiver onto the set of positive roots of a root system of type ∆ given by the dimension vector function. This result has been extended by T. Tanisaki in [26] to the non-simply laced Dynkin diagrams using an approach based on foldings of root systems.
Let Q = (Q 0 , Q 1 , s, t) be a simply laced quiver with the set Q 0 of vertices, the set Q 1 of arrows, the source map s and the target map t. Let us label the vertices of Q by integers. An automorphism of Q is a permutation σ of the set Q 0 such that a pair (σ(i), σ(j)) forms an edge of Q if and only if the pair (i, j) is an edge of Q. The set of automorphisms of Q is a group Aut(Q) given by
where S Qi denotes the permutation group of the set Q i , i = 0, 1. For any σ ∈ Aut(Q), one defines the functor F σ ∶ Rep(Q) → Rep(Q) in the following way:
One can see Rep(Q) G as the invariants up to isomorphism of Rep(Q) by the action of G through the functor F .
We are now able to state Tanisaki's theorem (cf. [26] ).
Theorem II.1. (Tanisaki) . Let Q be a connected quiver and G a subgroup of Aut(Q) which preserves the orientation of Q. Then the following assertions are verified:
G , the Krull-Remak-Schmidt theorem (which states the unicity of the decomposition of a module into a direct sum of indecomposable submodules) is valid.
(ii) There are only finitely many isomorphism classes of indecomposable objects in Rep(Q)
G if and only if:
• Either Q is a simply laced Dynkin diagram and G is trivial,
• Or Q and G are as in the following table: {1, τ } with
G acts transitively on {1, 3, 4} and fixes 2.
Table 8 -Foldings by T. Tanisaki
If Q is a simply laced Dynkin diagram and G is trivial, set ∆(Q, G) as the type of the Dynkin diagram.
(iii) Let (Q, G, ∆(Q, G)) be a triple as in (ii). Then there exists a natural one-to-one correspondence between the set of isomorphism classes of indecomposable objects of Rep(Q) G and the set of positive roots of the root system of type ∆(Q, G).
Remark II.1. In the case where Q is of type D 4 and ∆(Q, G) is of type G 2 , the group S 3 can be replaced by the smaller group Z 3Z and the results of Theorem II.1 remain valid.
Remarks II.1.
1. One notices that ∆(Q, G) is the type obtained by folding the root lattice associated with the graph of Q by the action of G.
2. The type A 2r with the symmetry given by σ(i) = 2r + 1 − i where G = Z 2Z =< σ > does not appear in the previous theorem. Theorem II.1 is based upon choosing an orientation of the quiver Q and a subgroup G of Aut(Q) which preserves the orientation. However, the non-trivial symmetry group of A 2r is Z 2Z and the action of σ would send the arrow r → r + 1 to r + 1 → r, thus reversing the orientation of this edge. It is the same if we choose to orient the edge by r + 1 → r. Therefore there cannot be a subgroup G of Aut(Q) which preserves the orientation and so Tanisaki's result is not valid anymore.
II.2. Observations on foldings
In Section I.1, we realised foldings on simply laced Lie algebras and their root lattices. The results were dual to each others (cf. Table 1 ). Then the definition by P. Slodowy of the inhomogeneous simple singularities was given (cf. Table 6 ). This definition is based on the symmetries of the Dynkin diagrams. P. Slodowy also computed two variants of the McKay correspondence ( [18] ). The first one is called "by restriction" and works as follows: start with a pair (Γ, Γ ′ ) as in Table 6 . The irreducible representations of Γ ′ can be restricted to Γ. Table 8 ).
The way P. Slodowy defined inhomogeneous singularities is in adequacy with foldings of root lattices as well as with foldings using quiver representations. Furthermore, the McKay correspondences by induction and restriction establish a similar link between the homogeneous and the inhomogeneous Dynkin diagrams, however less direct because of the extension of the Dynkin diagrams as well as their duals.
The connections between the different foldings are summarised in the following diagram: 
Ar, Dr, Er
Lie algebra gΦ
Br, Cr, F4, G2 In the next section, we are going to present a construction by H. Cassens and P. Slodowy of the semiuniversal deformations of the homogeneous simple singularities using quiver representations and symplectic geometry. Their method will then be generalised to obtain the semiuniversal deformations of the inhomogeneous simple singularities. The process is based on the affinisation of the Dynkin diagram associated to the singularity through its minimal resolution, as illustrated below:
Quivers and symmetries The group ∏ r i=0 GL di (C) acts on M (Γ) by simultaneous conjugation and C * acts trivially. Therefore an
Deformations and resolutions with quivers Quiver of type
Let Q 1 be the set of arrows of Q. For each pair of arrows between two vertices of Q, select one and then define a subset Q + 1 of Q 1 composed of these selected arrows. An orientation of Q is a function ∶ Q 1 → C * such that (a) = − (a)
One can verify that ⟨., .⟩ is a non-degenerate G(Γ)-invariant symplectic form on M (Γ) and induces a moment map
given by µ CS (ϕ) = (. . . , Here Lie G(Γ) is identified with its dual (Lie G(Γ)) * using the bilinear form defined from the trace.
Let Z be the dual of the center of Lie G(Γ). One can identify Z with the subspace
of Lie G(Γ). As the moment map is G(Γ)-equivariant, the group G(Γ) acts on the fibre µ −1 CS (z) for any z ∈ Z, and so the quotient µ induced from the moment map is the pullback of the semiuniversal deformation of the simple singularity C 2 Γ. We hence have a construction of the pullback of the semiuniversal deformation of C 2 Γ purely in terms of invariant theory:
with h a Cartan subalgebra of a Lie algebra of type ∆(Γ), and W the associated Weyl group. Remark III.2. H. Cassens and P. Slodowy also used the representation space M (Γ) to study resolutions of simple singularities. Indeed, by linearising the quotient µ
[5] Section 7), they obtained the following diagram:
which is a simultaneous minimal resolution. In particular, the space µ
is a minimal resolution of the simple singularity C 2 Γ.
IV. Deformations of inhomogeneous simple singularities
IV.1. Objectives
Set ∆(Γ) a Dynkin diagram of type A 2r−1 , D r+1 or E 6 with Γ the associated finite subgroup of SU 2 . The notations and results of Section III give the following diagram:
with α the semiuniversal deformation of the simple singularity X 0 = C 2 Γ of type ∆(Γ), andα its pullback by the natural quotient map π. Let Γ ′ be the finite subgroup of SU 2 such that there exists an inhomogeneous simple singularity of type ∆(Γ, Γ ′ ) (cf. Definition I.1). Then Ω = Γ ′ Γ acts on the simple singularity
Our aim is to define natural actions of Ω on X and h W such that α becomes Ω-equivariant, which would lead to the next theorem being a direct consequence of Theorem I.6.
Theorem IV.1. The restriction α α −1 ((h W ) Ω ) over the fixed points (h W ) Ω of the semiuniversal deformation of the simple singularity C 2 Γ is a semiuniversal deformation of the inhomogeneous simple singularity of type ∆(Γ, Γ ′ ).
A natural way to accomplish this is to turnα into an Ω-equivariant morphism. By Lemma IV.1 below, it is sufficient to analyse when the action of Ω on M (Γ) is symplectic.
Proof. The action of Ω on G induces an action on the dual g * of the Lie algebra g. If ∈ Ω, let σ ∶ M → M and σ ∶ g * → g * denote the actions of on M and g * , respectively. The g * × g pairing is denoted by ⟨., .⟩.
By definition of the moment map, it is known that for any x ∈ M, v ∈ T x M and ξ ∈ g,
with V ξ the vector field on M induced by ξ. Hence
exp(tσ −1 (ξ)).(x) because the action of G lifts,
, ξ⟩ by the definition of the action on the dual space.
It follows that µ( .x) = .µ(x) + f , with f an element of g * (we replaced σ by . in order to lighten the notation). Let us prove that f = 0. For any g ∈ G, we have
Hence for any g ∈ G, we have g.f = f , implying that f is a G-invariant element of g * . But as G is semisimple, a theorem by C. Chevalley states that the ring S(g * ) G is a polynomial ring generated by rank(G) homogeneous polynomials of degrees at least 2. As f is of degree 1, it follows that f = 0. Therefore µ( .x) = .µ(x) for any x ∈ M , ∈ Ω, and so µ is Ω-equivariant. ◻
We need to define actions of Ω on every object in the diagram at the beginning of this section such that:
1. The restriction of the action on X to the singularity X 0 coincides with the natural action computed in Subsection I.3.1.
2. The action on M (Γ) is symplectic.
3. The action on G(Γ) is induced from the one on M (Γ).
4. The action on Lie(G(Γ)) stabilises Z. Hence the isomorphism τ ∶ Z → h becomes Ω-equivariant, with the action on h coming from the action on the Dynkin diagram ∆(Γ).
In Subsection IV.2, we will compute the conditions required on the action of Ω so that it restricts to the natural action on the singularity C 2 Γ seen in Subsection I.3.1. In order for Ω to act symplectically on M (Γ), it has to preserve the symplectic form ⟨., .⟩. However, by definition, this form depends on the orientation of the McKay quiver based on ∆(Γ). The orientation will then have to be chosen accordingly, which will be done in Subsection IV.3. The questions regarding the action of Ω on G(Γ) as well as the Ω-equivariance of τ ∶ Z → h will be handled in Subsection IV.4. Once the semiuniversal deformation α becomes Ω-equivariant, the restriction α α −1 ((h W ) Ω ) turns into an Ω-invariant morphism, and as such each of its fibre is acted upon by Ω. In order to analyse the quotients of these fibres, an explicit description of the semiuniversal deformation is required. A system of coordinates on the base space h W of the semiuniversal deformation called flat coordinates will be introduced in Subsection IV.5. This system of coordinates will help with the computations because it makes the action of Ω on h W linear.
IV.2. Action of Γ
and it is known that the simple singularity C 2 Γ is in µ −1
CS (Z) G(Γ).
However, it has been seen in Subsection I.3.1 that Γ ′ Γ acts on the singularity in a natural way. We therefore want to impose that the action of Γ ′ Γ on M (Γ) shall induce the right action on the singularity C 2 Γ. 
IV.2.1. Computations for C
The action of Z 2Z needs to be consistent with the action on the singularity. Recall that the singularity C 2 Γ is defined by {Z 2r − XY = 0} with Z = z 1 z 2 , X = z After computation of the special fibre of the moment map, we find that C 2 Γ ≅ {z 2r − xy = 0} with
For the action to satisfy our conditions, it needs to verify
IV.2.2. Computations for C 2 Γ of type D r+1
By setting Γ = D r−1 , one gets Γ ′ = D 2(r−1) from Table 6 , and so 
Assume r to be odd. The action of σ has to induce the correct action on the singularity C 2 Γ. It has been seen in Subsection I.3.1 that After computation of the special fibre of the moment map, we obtain C 2 Γ ≅ {x r + y 2 x + z 2 = 0} with 
In order for the action to satisfy our conditions, it is required that λ r δ r = λ r+1 δ r+1 = 1.
The conditions when r is even are obtained in a similar way and are also λ r δ r = λ r+1 δ r+1 = 1.
IV.2.3. Computations for
The McKay quiver when ∆(Γ) = E 6 is and the dimension vector is (1, 1, 1, 2, 2, 2, 3). Because Γ = T , it follows that Γ ′ = O and
The action of Ω on the Dynkin diagram permutes the vertices 1 ↔ 2, 4 ↔ 5 and fixes the others. We extend this action to the extended Dynkin diagram of type∆(Γ) by making Ω fix the additional vertex labelled 0. The action of Ω on M (Γ) arises naturally from its action on the extended Dynkin diagram. Hence the action of Ω on M (Γ) needs to verify
The action of Z 2Z needs to be consistent with the action on the singularity computed with matrices. It is known that the singularity C 2 Γ is defined by {X 4 + Y 3 + Z 2 = 0} where X = 108
2 ) (cf. Subsection I.3.1), and
After computation of the special fibre of the moment map, one finds that C 2 Γ ≅ {x
For the action to satisfy our conditions, it needs to verify λ 4 δ 4 = 1 and λ 5 δ 5 = ±1. and the dimension vector is (1, 1, 2, 1, 1). According to Table 6 , we have
IV.2.4. Computations for
). Hence Γ ′ Γ is the symmetric group S 3 generated by c and a, with c 3 = 1 and a 2 = 1. The symbol¯means the class modulo D 2 .
The action of Ω on the Dynkin diagram permutes the vertices with c acting as (143) and a as (34). We extend this action to the extended Dynkin diagram of type∆(Γ) by making Ω fix the additional vertex labelled 0. The action of Ω on M (Γ) arises naturally from its action on the extended Dynkin diagram. Hence the action of Ω on M (Γ) needs to verify
In Subsection I.3.1, we saw that After computation of the special fibre of the moment map, we obtain C 2 Γ ≅ {x In order for the action of Γ ′ Γ on M (Γ) to induce the natural action of S 3 , it requires
Remark IV.1. It is possible to check that if Γ ′ Γ = Z 3Z, the results are similar.
IV.2.5. Conclusions
In the last four subsections, conditions have been found in order to ensure that the restriction of the action of Ω on M (Γ) to the simple singularity C 2 Γ corresponds to the natural action given in Subsection I.3.1. The results are summarised in the following table:
Type of singularity Conditions on the action 
IV.3. Choice of an orientation
Let M (Γ) = ⊕ a∈Q1 Hom(V s(a) , V t(a) ) be the representation space of the McKay quiver Q, and Q + 1 a set of positive arrows of Q as defined in Section III. One can then write
Therefore M (Γ) can be seen as the cotangent space on the vector space ⊕ a∈Q + 1 Hom(V s(a) , V t(a) ). The choice of Q + 1 , which is equivalent to the choice of an orientation of Q, determines the space on which the cotangent fibre is constructed. Conversely, the choice of the base space of the cotangent fibre will define a subset Q + 1 of Q 1 , and so an orientation of Q.
By direct computations on the representation space M (Γ), we prove the following theorem:
is symplectic and induces the natural action on the simple singularity when:
• for (A 2r−1 , Z 2Z) , Ω reverses the orientation of the McKay quiver.
• for the other cases, Ω preserves the orientation of the McKay quiver.
By using the same notations as in the previous sections, one can find conditions on the orientation in order to ensure that the action of Ω on M (Γ) is symplectic. The results are summarised in the following table:
Type of singularity Conditions on the orientation
Table 10 -Conditions on the orientation for the action of Ω on M (Γ)
One can see that it is possible to set constants λ i and δ i as well as an orientation such that the conditions in Table 9 and Table 10 
IV.4. Compatibility of the action of Γ ′ Γ on G(Γ)
Our aim is now to define an action of Ω on G(Γ) such that the action of G(Γ) on M (Γ) lifts to an action of the semidirect product G(Γ) ⋊ Ω, i.e .(g.ϕ) = ( .g).( .ϕ) for all ∈ Ω, g ∈ G(Γ) and ϕ ∈ M (Γ). Furthermore, the morphism τ ∶ Z → h has to be Ω-equivariant. The action will be found by a case by case analysis.
Set ∆(Γ) = A 2r−1 , and define the orientation of the quiver Q by setting Q It can be verified that this action satisfies the conditions of the previous section and is then symplectic, induces the natural action on the singularity C 2 Γ, and verifies σ 2 = Id.
Let Ω act on G(Γ) by σ.g = (g 0 , g 2r−1 , g 2r−2 , . . . , g 2 , g 1 ), for any g ∈ G(Γ). Thus Ω acts on Z by permuting the coordinates i and 2r − i.
Let (α 1 , . . . , α 2r−1 ) be a set of simple roots of the root system of type A 2r−1 , and consider (α 
Using the fundamental root system and its coroot system, it can be verified that τ (σ.z) = σ.τ (z) for all z ∈ Z, and so τ is Ω-equivariant. ◻
The cases D r+1 , E 6 as well as (D 4 , S 3 ) are dealt with in a similar fashion.
IV.5. Flat coordinates
IV.5.1. Definition of flat coordinates
Flat coordinates were defined by K. Saito in [19] and [20] in the context of flat structures of tangent bundles of parameter spaces of universal unfoldings. In this article, we restrict ourselves to the context of simple singularities.
Let h be a Cartan subalgebra of a simple Lie algebra g of rank r with simply laced Dynkin diagram, and W the associated Weyl group. According to Chevalley's Theorem, the ring S(h * ) W of W -invariant polynomials on h is generated by r algebraically independent homogeneous polynomials P 1 , . . . , P r of degrees m 1 + 1 = 2 < . . . < m r + 1 = h, with h the Coxeter number of g. Let ∆ be the product of all the linear functions defining reflection hyperplanes of reflections in W (∆ 2 is called the discriminant of h). Then ∆ is a fundamental anti-invariant of W and is a homogeneous polynomial of degree + . . . + a r , with a i a polynomial in P 1 , . . . , P r−1 of degree hi for 0 ≤ i ≤ r. Let s be a Coxeter element of W . The eigenvalues of s are h th roots of unity. Let ξ ∈ h be an eigenvector of s associated to the eigenvalue exp( 2iπ h ). Because deg P i < h for 1 ≤ i < r, one has P i (ξ) = 0 for 1 ≤ i < r. Therefore a i (ξ) = 0 for 1 ≤ i ≤ r and ∆(ξ) 2 = a 0 P r (ξ) r . One can show (cf. Proposition 3, §6, V in [1] ) that ∆(ξ) ≠ 0, hence a 0 ≠ 0.
The Killing form κ on h induces an inner product
on the cotangent vectors dP i (i = 1, . . . , r) on h W . The following proposition can be found in [24] .
Proposition IV.2. There exists a constant c such that
The proposition implies that the inner product degenerates along the discriminant. Because the degree of P r is maximal among the generators of S(h * ) W , the operator D = ∂ ∂Pr is unique up to scalar multiplication. We define a new inner product J(dP i , dP j ) = DI(dP i , dP j ) on h W . The next theorem comes from [23] .
Theorem IV.4. The following assertions are verified:
1. The bilinear form J is non-degenerate and det(J(dP i , dP j ) 1≤i,j≤r ) = a 0 .
2. The inner product J does not depend on the coordinates P 1 , . . . , P r .
3. There exists a set of coordinates ψ 1 , . . . , ψ r on h W such that, for any 1 ≤ i, j ≤ r, the expression J(dψ i , dψ j ) is constant. These coordinates are called flat coordinates.
The next proposition is proved in [27] and explains why we take interest in flat coordinates.
Proposition IV.3. Let h be a Cartan subalgebra of a simply laced simple Lie algebra g, and W the associated Weyl group. Then the action of any automorphism of the Dynkin diagram of g on h W is linear relative to flat coordinates.
In the next subsections, flat coordinates for g of type A 2r−1 , D r+1 and E 6 will be explicitly given for later purposes. For more details on flat coordinates, the reader may consult [21] and [22] .
IV.5.2. Flat coordinates for A 2r−1
Let g be a real simple Lie algebra of type A 2r−1 , with h a Cartan subalgebra of g and W the associated Weyl group. Let (ξ 1 , . . . , ξ 2r ) be an orthonormal basis of a Euclidian space V ≅ R 2r . The subalgebra h is isomorphic to the subspace of V defined by {∑
The set of roots of A 2r−1 consists of ξ i −ξ j (1 ≤ i, j ≤ 2r and i ≠ j). The Weyl group W is S 2r and permutes the ξ i 's. Hence the ring of W -invariant polynomials is generated by 2 , 3 , . . . , 2r with i (ξ) being the i th elementary symmetric polynomial in 2r variables ξ = (ξ 1 , . . . , ξ 2r ). Set I = {2, 3, . . . , 2r}.
According to [23] , flat coordinates for A 2r−1 are ψ 2 , ψ 3 , . . . , ψ 2r with
where
, and h is the Coxeter number of g. For any i ∈ I, the polynomial ψ i is homogeneous of degree i.
IV.5.3. Flat coordinates for D r+1
Let g be a real simple Lie algebra of type D r+1 , with h a Cartan subalgebra of g and W the associated Weyl group. Let (ξ 1 , . . . , ξ r+1 ) be an orthonormal basis of R r+1 . The set of roots of D r+1 consists of ±ξ i ± ξ j (1 ≤ i < j ≤ r + 1). The Weyl group W is the semi-direct product (Z 2Z) r ⋊ S r+1 . The group S r+1 permutes the ξ i 's and (Z 2Z) r acts by
Hence the ring of W -invariant polynomials is generated by x 2 , x 4 , . . . , x 2r , ψ where
) and i is the i th elementary symmetric polynomial in r + 1 variables, and ψ = ∏ r+1 i=1 ξ i . Set I = {2, 4, . . . , 2r}. According to [23] , flat coordinates for D r+1 are ψ 2 , ψ 4 , . . . , ψ 2r , ψ with
, and h is the Coxeter number of g (the formulae are similar to the case A 2r−1 , except for X d i which is now a function of the x i 's rather than the i 's). For any i ∈ I, the polynomial ψ i is homogeneous of degree i.
According to the preceding formulae, flat coordinates for D 4 are ψ 2 , ψ 4 , ψ 6 and ψ with:
x 2 x 4 + 7 216
These formulae will be used in Subsections V.2 and V.3.
IV.5.4. Flat coordinates for E 6
The computation of flat coordinates for type E 6 requires a more delicate approach than the previous cases. In [9] , J.S. Frame studied the Weyl group W of type E 6 as the group of automorphisms of the 27 lines on a non-singular cubic surface. He described the 27 lines as 27 complex triples:
). By defining x 1 , y 1 , x 2 , y 2 , x 3 , y 3 as the real and imaginary parts of the complex triples, the 27 lines can be identified with the 27 vertices of a polyhedron in R 6 and W as its group of symmetries. The polyhedron has 36 hyperplanes of symmetries, each given by its normal vector which is one of the following: ) and s a = sin(
k denote the reflection in R 6 of hyperplane whose normal vector is D k , with k a triple. J.S. Frame proved that W is generated by s 1,0,0 , s 0,1,0 , s 0,0,1 , s 3,0,0 , s 0,0,3  and s 3,3,3 .
Let α 1 , . . . , α 6 be a set of simple roots of the root system of type E 6 . Index the Dynkin diagram in the following way (it is the indexation that will be used for the computation of the semiuniversal deformation):
Remark IV.2. The indexation used here is not the standard one used in reference books like [1] , which is If s αi denote the simple reflection in W associated to α i , then s αi (α j ) = α j − c ji α i , with (c ij ) 1≤i≤6 the Cartan matrix of E 6 . With the Cartan matrix, one can identify the s αi 's with their corresponding s k 's, and as such identify the α i 's with the D k 's. The correspondence is as follows:
(1, 0, 1, 0, 1, 0) T .
, and define two differential operators Θ and ∆ by
∂ ∂q i for (ijk) = (123), (231) and (312);
ΘJ, it is proved in [23] that flat coordinates of type E 6 are then given by
V. Computations for the inhomogeneous cases
In previous sections we have determined the necessary requirements on the action of Ω, on the McKay quiver and on the coordinates of the base space h W to construct the semiuniversal deformations of the inhomogeneous simple singularities. The following subsections will present the results of the ensuing computations. The orientation has been chosen as (a i ) = − (b i ) = 1, for any 0 ≤ i ≤ 2r − 1, so that it is reversed by the action of Ω. Define M (Γ) as the representation space of this quiver with dimension vector (1, . . . , 1):
The procedure described in Section III is done explicitly in [5] . The authors obtained that the morphism
where h is a Cartan subalgebra of a Lie algebra of type A 2r−1 , is the pullback of the semiuniversal deformation ofα −1 (0) = {(x, y, z) ∈ C 3 z 2r = xy}, which is a simple singularity of type A 2r−1 . Hence the following diagram:
is the pullback of the semiuniversal deformation α ∶ X Γ → h W of a simple singularity of type A 2r−1 . 
It is known that
and (a, n) = a(a + 1) . . . (a + n − 1). Hence for any i ∈ {2, . . . , 2r}, there exists a polynomial f i such that
and define two maps
Then the pullback of these maps is X Γ × h W h = {((x, y, z, t 2 , . . . , t 2r ), (λ 0 , . . . , λ 2r−1 )) ∈ X Γ × h α(x, y, z, t 2 , . . . , t 2r ) = π(λ 0 , . . . , λ 2r−1 )}, = {((x, y, z, t 2 , . . . , t 2r ), (λ 0 , . . . , λ 2r−1 )) ∈ X Γ × h (t 2 , . . . , t 2r ) = (ψ 2 (λ), . . . , ψ 2r (λ))},
and X Γ,0 ∶= α −1 (0) = {(x, y, z) ∈ C 3 z 2r = xy} is indeed a simple singularity of type A 2r−1 .
It remains to check that every map in the pullback diagram is Ω-equivariant. Let us first verify the surjectivity of the map
. . , t 2r )z 2r−i = xy is satisfied. Our aim is to find λ ∈ h such that ψ 2 (λ) = t 2 , . . . , ψ 2r (λ) = t 2r . It is a system of 2r − 1 polynomial equations in 2r variables with the relation ∑ One can check that this action verifies the conditions in Tables 9 and 10 . This action is therefore symplectic and induces the natural action on the simple singularity of type A 2r−1 .
• Set (x, y, z, λ • Set (x, y, z, t 2 , . . . , t 2r ) ∈ X Γ and define the action of Ω on X Γ by
This action of Ω on X Γ turns Ψ into an Ω-equivariant map.
• If (λ 0 , . . . , λ 2r−1 ) ∈ h, then π(σ.(λ 0 , . . . , λ 2r−1 )) = π(−λ 2r−1 , . . . , −λ 0 ),
= σ.π(λ 0 , . . . , λ 2r−1 ). The action of Ω on h is naturally carried to h W by making π an Ω-equivariant map.
We have just defined the action of Ω on X Γ . However it needs to induce the natural action on the special fibre X Γ,0 = α −1 (0) ⊂ X Γ , i.e. the one obtained in Subsection I.3.1. The simple singularity X Γ,0 is defined by {(x, y, z) ∈ C 3 z 2r = xy} and Ω acts on X Γ,0 by
which corresponds to the restriction to X Γ,0 of action of Ω on X Γ , ensuring that the action is well-defined.
• For any (x, y, z, t 2 , . . . , t 2r ) ∈ X Γ one has It follows that α is Ω-equivariant, and so the pullback diagram from the beginning of the subsection is Ω-equivariant.
Let us look at what happens above the Ω-fixed points (h W ) Ω . If (x, y, z, t 2 , . . . , t 2r ) is a point in The dimension vector of the representation space M (Γ) of this quiver is (1, 1, 2, 1, 1), which corresponds to the coordinates of the highest root of the root system of type D 4 . The orientation is fixed so that all ϕ a 's are positive and all ϕ b 's are negative, which implies that the orientation is preserved by Ω. One can check that
In [17] , it is proved that the ring of invariants of the representation space of a quiver by the product of general linear groups associated with vertices, is generated by the traces of the oriented cycles of said quiver. Let us compute the traces of the oriented cycles of Q.
• Cycles of degree 2:
• Cycles of degree 4:
This system only has 2 independent elements, and we choose p 03 and p 34 .
• Cycles of degree 6: They are q ijk = Tr(ϕ There is only one independent element of degree 6, and we choose q 034 .
• Cycles of degree 8: They are z ijkl = Tr(ϕ 
Thus all degree 8 cycles are determined by elements with inferior degrees.
• Cycles of degree ≥ 10: Starting from degree 10, for any cycle, there is at least one repetition in the indices. Hence any element of degree k ≥ 10 breaks down as the product of two elements with degrees strictly smaller than k.
Eventually there are only 3 linearly independent elements: p 03 , p 34 and q 034 . By [17] , they generate the ring of invariants.
Because the space we want to exhibit is the pullback of the semiuniversal deformation of a simple singularity, and that such a deformation is defined by a single equation (cf. [12] ), a unique relation has to link the generators (or one can compute the dimension of the quotient variety and see that it is a hypersurface). Let us find this relation.
Using relations between the cycles of degree 4, one sees that p 01 and p 04 can be expressed using p 03 and p 34 . By reinjecting these expressions in the preceding equation, one finds
It is indeed the equation of a deformation of a simple singularity of type D 4 . However, we want to look at the fibres over h W , so the coefficients of the equation need to be invariant by the Weyl group W .
From [15] , it is known that there is an isomorphism
Hence an element µ ∈ Z can be identified with 
The simple coroots can be expressed as
. By doing the same for the other simple reflections, it can be verified that the coefficients A, B, C and D are invariant by these transformations, and thus are invariant by W .
The base we chose for h W is the one with flat coordinates. Therefore the coefficients A, B, C and D have to be expressed using ψ 2 , ψ 4 , ψ 6 and ψ from Subsection IV.5.3. Let (e i ) 1≤i≤4 be the dual base of the canonical base (e i ) 1≤i≤4 of h * . It is known from [1] that
(e 1 + e 2 + e 3 − e 4 ) and Λ (e 1 + e 2 + e 3 + e 4 ). Because of the correspondence
ξ i e i , the µ i 's can be expressed as functions of the ξ j 's, and using the expressions from Subsection IV. 
CS (Z) G(Γ).
Finally we obtain the following commutative diagram: 4 , which corresponds to the permutation e 4 ↔ −e 4 . This action is carried to h W by defining σ.(t 2 , t 4 , t 6 , t) = (t 2 , t 4 , t 6 , −t).
Above the fixed points
and µ 3 σ ← → µ 4 . Because of the relations between degree 4 elements, we obtain the following formulae:
Above the origin, the fibre has the equation z 2 = xy(x + y). Changing variables by X = −4 Finally, the pullback diagram is Ω-equivariant with the natural action on the singularity, so the restriction (e 1 − e 2 − e 3 − e 4 ).
It was seen in Subsection IV.5.3 that h h W (ψ 2 (ξ), ψ 4 (ξ), ψ 6 (ξ), ψ(ξ)) (ξ 1 , ξ 2 , ξ 3 , ξ 4 ) π ∶ and thus ψ(ξ)
The action of ρ on h W is therefore defined by ρ.(t 2 , t 4 , t 6 , t) = (t 2 , − t), which makes π Z 3Z-equivariant. It has already been shown that π is equivariant with respect to σ, and so π is Ω-equivariant.
Above the fixed points (h W )
Ω , define X Γ,Ω = α −1 ((h W ) Ω ) = {(x, y, z, t 2 , 0, t 6 , 0) ∈ X Γ }. It was proved in the previous section that The action of σ on the singularity is known to be the correct one. The equation of the special fibre is z 2 = xy(x + y). By setting X = − The dimension vector of this quiver is (1, 1, 1, 2, 2, 2, 3) and corresponds to the coordinates of the highest root of the root system of type E 6 . The orientation is fixed so that all ϕ a 's are positive and all ϕ b 's are negative, which implies that the orientation is preserved by Ω. By definition for i 1 , i 2 , . . . , i k ∈ {3, 4, 5}. Through lengthy computation, one can find that there are only three linearly independent elements, and they are of degree 3, 4 and 6 respectively. We choose x = Φ(4 2 5), y = Φ(4 2 5 2 ) and z = Φ(3 2 4 2 5 2 ). These are the generators of the ring of invariants. However, a unique relation has to link these generators as the latter ring is the coordinate ring of the pullback of the semiuniversal deformation of a simple singularity, and such a deformation is defined by a single equation (cf. [12] ). The relation has the following form:
x 2 z + y 3 + z 2 = a x 3 x 3 + a x 2 y x 2 y + a xy 2 xy 2 + a x 2 x 2 + a xy xy + a xz xz +a y 2 y 2 + a yz yz + a x x + a y y + a z z + a 0 , with a 0 , a x , a y , a z , a xz , a yz , a xy , a x 2 , a x 3 , a y 2 , a x 2 y and a xy 2 homogeneous polynomials in µ 1 , . . . , µ 6 . The sheer size of these expressions is too much for them to be listed in this paper. Indeed, all together they contain 6147 terms.
In order for the equation of the deformation to have the form predicted by Theorem I.2, it requires a change of variables. Replacing (x, y, z) by (x + α, y + βx + γ, z + δx + y + kx x 4 + y 3 + z 2 = 0}, which is a simple singularity of type E 6 . Like in previous sections, it can be checked that this diagram is Ω-equivariant with the natural action on the singularity. It follows that the restriction α
is Ω-invariant and (α Ω ) −1 (0) = X Γ,0 . This implies that α Ω is a semiuniversal deformation of an inhomogeneous simple singularity of type (E 6 , Z 2Z) = F 4 .
VI. Quotient of the semiuniversal deformation of (C 2 Γ, Ω) by Ω
VI.1. Objectives
It was shown in the previous section that the restriction α Ω ∶ X Γ,Ω → (h W ) Ω over the fixed points (h W )
Ω of a semiuniversal deformation of the simple singularity C 2 Γ is a semiuniversal deformation of the inhomogeneous simple singularity of type ∆(Γ, Γ ′ ), and is thus Ω-invariant. Hence Ω acts on each fibre of α Ω and the fibres can be quotiented. By construction, the special fibre of α Ω is (α Ω ) −1 (0) = X Γ,0 = C 2 Γ. Therefore the fibre above the origin of the quotient map is (α Ω )
• If f 4 (t 2 , t 4 ) = t 4 + In any fibre (α Ω ) −1 (t 2 , t 4 ) ⊂ X Γ,Ω Ω, the points (X, W, Z) = (±2 f 4 (t 2 , t 4 ), 0, 0) are singular. Hence all the fibres of α Ω are singular and the following proposition is proved:
Proposition VI.1. Every fibre of the deformation α Ω ∶ X Γ,Ω Ω → (h W ) Ω of a simple singularity of type D 4 is singular.
α Ω ∶ X Γ,Ω Ω → (h W ) σ.X = X, σ.Y = −Y, σ.W = W, σ.z = −z and σ.t i = t i for i = 2, 6. 
to describe the singular configurations of the fibres of α Ω using the root system of type ∆(Γ ′ ).
